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Abstract. We present BAWS-NR (Bio-Adaptive Warm-Start Newton-Raphson), a
universal method for accelerating Newton-Raphson (NR) solvers applied to sequential
nonlinear systems with slow temporal variation. The method uses a single parameter
a = 0.979, evolved via a (u+A) biological optimization strategy in the inZORi
framework, to blend the previous converged solution with a flat-start reference. We
provide a formal convergence proof — showing BAWS-NR never worsens convergence
— and validate empirically across 6 independent scientific domains: power
systems (1354-bus PEGASE, 130,056 N-1 assessments on real ENTSO-E data),
celestial mechanics (Kepler), thermodynamics (Van der Waals), robotics (inverse
kinematics), computational finance (Black-Scholes), and 2D nonlinear heat
conduction (900 unknowns, 10,000 solves). Total: 142,056 converged NR solves,
mean speedup 1.59x (range 1.26x-2.13x%), 100% convergence preservation. Zero
domain-specific tuning required.

1.59x 142,056 6 100%

Mean speedup Total converged Independent Convergence
across 6 domains NR solves scientific domains preservation

1. The BAWS-NR Formula

Consider a sequence of nonlinear systems F(x; t) = 0 indexed by time t, where consecutive
solutions differ slowly: [[x*(t) — x*(t—1)|| = 6. Standard NR starts from a fixed reference x ¢
(flat-start) at each timestep, discarding all prior information. BAWS-NR replaces this with a
bio-adaptive warm-start:



Xo(t) = o - x*(t—-1) + (1 — @) - X of
a=0.979

a evolved via (u+A) evolutionary strategy, u=10, A=30, 40+ generations, 12 CPU cores
on the 1354-bus Pan-European PEGASE power flow problem - fithess = mean iteration savings

\

Components: Domain-specific references:
* x*¥(t—1) — converged solution from e Power flow: V = 1.0 p.u., angle = 0°
previous timestep (biological memory) * Thermal: T=T__ . (50°C)

* Xpof — flat-start reference (domain- « Kepler: Eo = M (mean anomaly)

specific nominal)
ca=0.979 — 97.9% memory + 2.1%
stability margin

e Finance: o = OaTM (at-the-money vol)

Why not a = 1.0 (pure warm-start)? The small damping factor (1—a) = 0.021

prevents the initial guess from drifting arbitrarily far from x . when the system

undergoes a structural change (topology event, regime shift). This provides a safety
margin without measurably reducing the warm-start benefit. The value emerged from
evolutionary optimization — it was not set manually.

2. Convergence Proof and Error Bounds

Theorem 1 — Error Reduction

Let 6 = |x*(t) — x*(t—1)| (temporal variation) and D = |x .. — Xx*(t)|| (flat-start

ref
distance). Then:

[[Xo (t) — x*(t)]|

= Jloo-x*(t=-1) + (l-a)-x ref — x*(t)]

= Jloo- [x*(t-1) — x*(t)] + (1-a)-[x _ref — x*(t)1]|
< a'd+ (1-a):D (triangle inequality) |

Corollary 1 — No-Harm Guarantee
Whend <D: a6 + (l1-a))D=D — a(D-6) < D

BAWS-NR starts strictly closer to x*(t) than flat-start. When 6 = D: BAWS-NR equals
flat-start. It never worsens convergence.

Theorem 2 — Iteration Savings (Quadratic Convergence Model)

Under quadratic NR convergence |e,_ || = C-[e |]? the iterations saved are:




Ak = log2(log2(R)) where R =D / (a:86 + (1-a)-D)

Ford <« D:R = 1/(1-a) = 47.6x —» Ak = 2.5 iterations
Empirical mean: 1.95 £ 0.87 iterations (consistent; gap from & = 0)

Error Reduction by Temporal Variation Ratio

6/D ratio  Error reduction R Expected savings Ak Typical domain

0.01 32.5% ~2.5 iter Orbital mechanics, steady-state grid
0.05 14.3x ~2.0 iter Power flow under slow load change
0.10 8.4% ~1.7 iter Thermal analysis, IK tracking

0.50 2.0x ~0.5 iter Volatile financial markets

1.00 1.0x 0 iter (no harm) Maximum variation

3. Cross-Domain Empirical Validation

BAWS-NR Universal Validation: 6 Domains, 142,056 Data Points
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Figure 1. BAWS-NR vs NR flat-start across all 6 validated domains. Same a = 0.979 used everywhere, with
no domain-specific tuning. Green annotations show speedup per domain.
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Verification: In all 6 domains: (i) identical tolerance for both methods, (ii) BAWS-NR
and NR converge to identical solutions (verified to machine precision), (iii) 100%
convergence preservation — BAWS-NR fails on exactly the same cases as NR (and
only those), (iv) same a = 0.979 with no re-tuning.

4. Full Validation: 2D Nonlinear Thermal Conduction (New)

The most rigorous validation — a genuinely multi-dimensional domain (900 coupled
nonlinear equations). This confirms BAWS-NR works beyond 1D and beyond power

systems.

4.1 Problem Definition

Equation: V:[ko(1 + B-T)VT] + Q = 0 on [0,1]? (steady-state, temperature-dependent

conductivity)

Discretization: Finite differences, 30x30 mesh = 900 unknowns, exact analytical
sparse Jacobian (no approximation)
Parameters: B € {0.01, 0.03, 0.05, 0.08, 0.10} - Q = 10-(1+50PB) - ko = 1.0 W/m-K

BCs: Sinusoidal Dirichlet, varying frequency and phase across 500 timesteps

Scale: 20 scenarios x 500 timesteps = 10,000 NR solves per method
Tolerance: 10-2 (identical for both) - Parallel: 12 CPU cores



4.2 Results by Nonlinearity Parameter 8

B NR mean iterations BAWS-NR mean Saving Speedup N solves
0.01 4.982 3.004 1.978 1.6585x 2000
0.03 5.0465 3.0065 2.04 1.6785x 2000
0.05 5.5225 3.168 2.3545 1.7432x 2000
0.08 5.9235 3.2795 2.644 1.8062x 2000

0.1 5.963 3.369 2.594 1.77x 2000
ALL 8 5.4875 3.1654 2.3221 1.7336x 10000

BAWS-NR vs NR Flat-Start: 2D Nonlinear Thermal Conduction Iteration Distribution — 10,000 NR Solves (2D Thermal Conduction)
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Figure 4. Iteration distribution (10,000 solves).

Figure 2. Mean iterations by B. Speedup grows IR [P BE S-(63 [ H AR [2EEL 5 B8 2

with nonlinearity (1.66x — 1.81x).

4.3 Results by Mesh Size

Mesh Unknowns NR mean BAWS mean Saving Speedup
20x20 400 5.4448 3.128 2.3168 1.7407 x
30x30 900 5.5302 3.2028 2.3274 1.7267 %

Speedup is consistent across mesh sizes (difference <1%), confirming dimensional
independence.



Iteration Trace — Scenario 15 (3=0.05, 30x30 mesh)
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Figure 3. Iteration trace over 200 timesteps (3=0.05, 30x30 mesh). BAWS-NR (blue) consistently requires
fewer iterations than NR flat-start (red). Green area = iterations saved per step.

4.4 Verification

Check Result

Solution identity (max |[T_NR — T_BAWS]||) < 10-*2 (machine precision)
Convergence failures (NR or BAWS) 0/10,000

Physical validity: k(T) > 0 Confirmed for all solutions

Mesh independence Speedup within 0.5% across 20x20 and 30x30



5. Theoretical Prediction vs Empirical Results

Empirical (142,056

Quantity Predicted (theory) Status
solves)
v
Iteration savings (6 < D) ~2.5 iterations 1.95 = 0.87 iterations .
Consistent
Speed 1.3 2.5 1.26 2.13 7
eedup range .3%x -2.5% 26X - 2.13x
P P 9 Consistent
Identical F=0 v
Solution identity guarantee entical (same Verified to 1012 .
root) Confirmed
No-harm guarantee (6 = , v
R=1.0al N lat
D) 0 always ever violated Confirmed
Convergence 100% of NR cases 142,056 / 142,056 / Perfect
preservation
6. Related Publications (inZORi Research Program)
Study Network Key Result DOI
PFA Phase 1 — 118-bus 10.5281/zenodo.
IEEE 118-bus 99.1% S3 convergence
Surrogate Y ° verg 18716837
PFA Ph 2 — Real A +16. NR, 4 10.5281 .
ase eal AC IEEE 118-bus 6.8pp vs X 0.5281/zenodo
Power Flow recovery 18717007
PFA Ph — N-2 10.5281 .
) ase 3 IEEE 118-bus 2.8x faster N-2 recovery SR AEE e
Contingency 18735120
PFA Phase 4 — Real Load 10.5281/zenodo.
IEEE 118-b +3.3-3.7pp UA/DE/FR
Profiles us Pp UA/DE/ 18735099
PFA Phase 5 — ENTSO-E 10.5281/zenodo.
IEEE 118- -17 NR | dat
024 8-bus 6 X VS (real data) 18806567
PFA Phase 6 — Capacity 1354-bus NR=0% vs inZORi=99.9% 10.5281/zenodo.
Boundary PEGASE at 1.25x 18806643
RE Study — N-1 Under 1354-bus 1.66x speedup, 130K 10.5281/zenodo.
Renewables PEGASE assessments 18807539
é )

7. Conclusion

BAWS-NR with a = 0.979 is a universal, provably safe acceleration for Newton-
Raphson solvers in sequential nonlinear systems:

1. Provably safe: Never worsens convergence when & < D (Theorem 1 + Corollary
1)




2. Universally effective: 1.59x mean speedup across 6 diverse scientific domains

3. Dimensionality independent: Validated on 1D, 900D, and 1354D systems

4. Zero overhead: O(n) warm-start computation, negligible vs O(n?) Jacobian

factorization

. No tuning required: o = 0.979 works out-of-the-box in any domain with slow
temporal variation

. Empirically rigorous: 142,056 converged NR solves, 100% convergence
preservation, solutions identical to machine precision
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